It is known that the governing equations for the evolution of the envelope of weakly nonlinear capillary-gravity wave packets, the so-called Davey-Stewartson equation, admit dromion solutions in the limit of shallow water and strong surface tension, i.e., when kh 1 and the Bond number (Bo) ≡ T /ρgh 2 > 1/3 (where T is the surface tension coefficient and h the water depth). Here we show that capillary-gravity dromions exist beyond this limit for a broad range of finite water depths, i.e., for kh O(1), as well as for subcritical Bond numbers, i.e., for Bo < 1/3. DOI: 10.1103/PhysRevE.88.035201 PACS number(s): 47.35.Fg, 47.35.Pq, 47.35.Bb In the context of nonlinear water wave theory, an intriguing question has always been in regard to whether fully localized 3D wave structures, counterparts of 2D solitons, can exist. These structures are important because, if they exist, they can transport mass, momentum, and energy over long distances [1] . For pure gravity waves this possibility is already ruled out [2, 3] , but a few limiting cases of capillary-gravity and flexural-gravity wave equations admit such solutions in the form of dromions and lumps (e.g., Refs. [4] [5] [6] [7] [8] [9] ).
In the context of nonlinear water wave theory, an intriguing question has always been in regard to whether fully localized 3D wave structures, counterparts of 2D solitons, can exist. These structures are important because, if they exist, they can transport mass, momentum, and energy over long distances [1] . For pure gravity waves this possibility is already ruled out [2, 3] , but a few limiting cases of capillary-gravity and flexural-gravity wave equations admit such solutions in the form of dromions and lumps (e.g., Refs. [4] [5] [6] [7] [8] [9] ).
Dromions are fully localized 3D surface structures that can travel with a constant speed without changing the form. They are formed at the intersection of line-solitary meancurrent tracks (dromos means "tracks" in Greek) and have exponentially decaying tails. Lumps, on the other hand, have a surface-elevation and mean-current with algebraically decaying tails. A number of three-dimensional systems are known to admit lumps, including the Kadomtsev-Petviashvili equation [10, 11] , Benney-Luke equations [6] , the DaveyStewartson equation [7, 12] , for shallow and deep water and the full Euler equation [13, 14] . However physically relevant dromion solutions are limited so far to the shallow water and surface tension-dominated regimes of the Davey-Stewartson equation.
The Davey-Stewartson equation [15, 16] is the threedimensional extension of the nonlinear Schrödinger equation (NLS) [17, 18] but differs significantly from the NLS in that the envelope evolution is coupled with the mean field. The DaveyStewartson equation was first derived for the finite-depth gravity waves [15, 16] and then extended to include the effect of surface tension [19] and surface flexural rigidity [5, 20] , among several other applications in diverse areas of science (e.g., Refs. [21] [22] [23] [24] [25] ). The Davey-Stewartson equation in the limit of shallow water and strong surface tension (i.e., kh 1 and Bo > 1/3, the so-called DSI limit) is known to admit dromion solutions [4, 26, 27] .
Here we show that dromions also exist in finite-depth waters [i.e., kh O(1)] and for subcritical Bond numbers (i.e., Bo < 1/3) for which the Davey-Stewartson equation is not integrable [28] . We present a hybrid numerical technique that utilizes respectively a pseudospectral method for the elliptic operator and a pseudotime integration for the hyperbolic operator of the governing equation. The scheme converges efficiently to dromion solutions well beyond the range of classical DSI. We further perform a comprehensive search for dromions over the entire parameter space of kh-Bo and show that such structures, in fact, exist over a large subspace of the focusing elliptichyperbolic Davey-Stewartson equation.
Consider free propagating waves on the surface of an incompressible, inviscid, and homogeneous fluid with density ρ, depth h, and surface tension coefficient T . We define a Cartesian coordinate system with the x and y axes on the mean bottom and z-axis positive upward. Assuming that the flow is irrotational a potential function φ can be defined such that ∇φ ≡ u, where u = u(x,y,z,t) is the Eulerian velocity of the flow field [29] . If η = η(x,y,t) denotes the elevation of the free surface from the mean water level, then equations governing the evolution of disturbances in this field read
where
y . Governing equations (1) then can be nondimensionalized by the introduction of the following scaled variables:
where a is the characteristic amplitude. For the sake of notational simplicity all asterisks will be dropped from this point onward.
We are interested in weakly nonlinear harmonic waves of wave number k with slowly varying amplitudes in both the x and y directions. To achieve this solution, we assume O(1) (but leaving δ to be arbitrary) and introduce the following different-scale variables:
where c p (k),c g (k) are, respectively, the phase and group velocity of the carrier wave. We further assume that the solution to the governing equations can be expressed by a convergent asymptotic expansion in terms of the small parameter . In terms of new variables [Eq. (3)], we suggest the form
where E = exp (ikξ ) and A 00 = 0. At the second order of perturbation analysis, equations governing the evolution of the envelope A 01 (ζ,Y,τ ) and the mean field f 0 (ζ,Y,τ ) obtain in the form (see, e.g., Ref. [19] for details)
witht ≡T k 2 , σ ≡ tanh δk, c 2 p = β tanh δk/δk, and β = 1 +t. These equations are, after some algebra, respectively, Eqs. (2.12) and (2.13) of Ref. [19] (note the typo in Eq. (2.12) of Ref. [19] where the "T " in the numerator inside the bracket is extra. This is corrected in their later expressions such as Eq. (2.17)).
To obtain a canonical form of Eqs. (6), we define the following new variables:
Upon substitution in Eqs. (6) and after dropping asterisks we obtain
in which
,
The Davey-Stewartson equation [Eqs. (9) ] is integrable only in the limiting case of p = q = 1 [28] . In this limit, if s = +1 (s = −1), then Eqs. (9) is an elliptic-hyperbolic (hyperbolic-elliptic) equation and is called the DSI (DSII) equation [30] . For DSI and DSII we have r = +1,−1, and therefore, analogously to NLS, these equations are called focusing DSI and defocusing DSII. DSII is the long wave limit of Eqs. (9) and admits N -soliton, single lump solutions [31] , blowup solutions [32] , and several other interesting properties [33, §5] . DSI in physical space corresponds to the shallow water limit and when the group velocity of the carrier waves exceeds the speed of long waves (c g > 1). This is possible only when surface tension is very strong and water depth is very shallow, i.e., when kh 1 and the Bond number Bo ≡T /δ 2 = T /ρgh 2 > 1/3. For regular water the latter condition is satisfied for depths less than 5 mm. The DSI equation is known to admit dromion solutions. In fact, in this limit of the Davey-Stewartson equation, closed-form dromion solutions can be obtained by a number of different techniques such as utilizing the Bäcklund transformation [26] , the inverse scattering transform [4] , the bilinear-direct method [27, 34] , and the Wronskian formulation [35] .
The objective of this research is to determine if dromions exist outside the range of validity of DSI, that is, for subcritical Bond numbers (Bo < 1/3) and for deeper waters [kh O (1) ], where the Davey-Stewartson is known to be nonintegrable [28] . For this range, we note that dromions, if they exist, must belong to the focusing elliptic-hyperbolic subfamily of the Davey-Stewartson equation, which corresponds to s = +1, r = +1, and p > 0 in Eqs. (9) . Therefore the focus of this article will be Eqs. (9) with s = r = +1 but for general p = p (Bo,kh) and q = q (Bo,kh). Clearly, DSI is a subset of this range in the limiting case of p = q = 1.
Here we present an iterative numerical scheme that can converge to dromion solutions for a broad range of Bo and kh. To achieve this we transform Eqs. (9) 
Starting from initial profiles (u 0 ,v 0 ) Eq. (11a) can be solved using a pseudospectral method to achieve an updated value for u. Specifically, since the dromion solution for u must decay to zero at far distances (and if the domain is large enough), Fourier expansion by the use of the efficient fast-Fourier transform (FFT) algorithm is utilized. In our pseudo-spectral algorithm all linear terms are calculated in spectral domain and nonlinear terms in the physical domain. Equation (11b) is, however, a hyperbolic equation and, if a dromion is expected, its solution v does not decay to zero at far but to four tracks that extend to infinity with shapes and directions that are not known a priori. Hyperbolicity of the equation, nonzero tracks at infinity, and the fact that these tracks, in general, are not periodic make numerical treatment of this equation challenging [5, 36, 37] . A modification of a recently proposed numerical algorithm ( [5] , for a similar equation in the context of flexural-gravity waves) will be used here to treat Eq. (11b). Specifically, we consider one of the variables, say, ζ , as a pseudotime. As a result, Eq. (11b) can be considered a forced wave equation with a forcing function 4q|u| 2 Y Y . Starting from an initial function v(ζ = 0,Y ), a time-integration algorithm (we use fourth-order Runge-Kutta) can be used to find v over the entire domain (or, alternatively, by the method of characteristics). Therefore the problem of solving for v over the entire area reduces to solving for the initial v(ζ = 0,Y ). This initial profile then can be corrected using any recursive root-finding algorithm (such as the Newton-Raphson method) until a proper convergence is achieved. It turns out that the convergence efficiency of the iterative algorithm is significantly higher if the problem is solved for the difference between new dromion and the initial dromion. Convergence is reached when the absolute error (residue of the normalized governing equations when the iterated solution is substituted) reaches within computer arithmetic accuracy (1 × 10 −16 ). It is to be noted that the resultant dromion, although qualitatively similar in the shape, may have significantly different scales than the initial dromion and therefore must not be considered as a perturbation to the initial condition.
To find new dromion solutions to the Davey-Stewartson equation for the range Bo < 1/3 and kh O(1) we first consider Bo and kh outside but close to the domain of validity of DSI. For such domains the analytical dromion solution of DSI (e.g., Ref. [27] ) proves to be a sufficiently good initial condition and the algorithm quickly converges. New dromion solutions are then used as initial conditions (i.e., numerical continuation) in further steps to explore farther areas of Bo and kh space.
A finite-depth capillary-gravity dromion solution to the Davey-Stewartson equation is shown in Figs. 1(a) and 1(b) for kh = 2 and Bo = 0.4. Dromion solutions can be found for yet deeper waters, as shown in Figs. 1(c) and 1(d) , which is for kh = 9 and Bo = 0.07. For each set of parameters a wide range of dromions can be found depending on the choice of the initial condition. While having similar qualitative features, they may differ very much in size. For a given initial condition and kh, as Bond number increases, the amplitude of u increases (sometimes significantly) and, likewise, v (but much less). A similar trend is observed for a fixed Bo as kh increases.
A comprehensive search of the entire Bo-kh parameter space reveals that capillary-gravity dromions can exist for a (9) changes sign. The bottom (brownish) shaded area is for kh 1 and Bo < 1/3 and is therefore associated with DSII. As elaborated on before, of particular interest is the focusing elliptic-hyperbolic subfamily of the Davey-Stewartson equation (the area between the right-most dashed line and the dash-dotted line in Fig. 2 ) for which DSI (top greenish shaded area) is a subset. For the DSI range in Fig. 2 , a closed-form analytical dromion solution exists [19] .
The hatched area in Fig. 2 is the area for which we consistently were able to converge to a dromion solution (to the computer accuracy). Clearly, the dromion solution exists for a broad range of kh O(1) and Bo < 1/3. For larger kh, however, the range of Bo yielding dromion solutions becomes narrower and fades away eventually (as is seen in Fig. 2 ). This is expected because as the water depth increases the coupling between the surface profile and the mean-current becomes weaker. In this limit, Davey-Stewartson asymptotically approaches the two-dimensional nonlinear Schrödinger equation for which a dromion solution does not exist.
The convergence efficiency of our computational scheme decreases as we get closer to the boundaries of the focusing EH area. The hatched area corresponds to dromions that a conventional PC can achieve in a finite time, but its boundaries (dotted line in Fig. 2 ) can be pushed further and more dromions can be obtained using higher-performance computational facilities.
In summary, we showed that dromions can exist for subcritical Bond numbers (Bo < 1/3) and for finite-depth waters [kh O (1) ], a range for which the Davey-Stewartson equation is nonintegrable. Physically speaking, this means that dromions are not limited to water depths of 5 mm or less (as predicted by previous theories), but, as we showed, can be expected in much deeper waters. These new dromions are found via a pseudospectral scheme and by treating the spatial hyperbolic equation as a wave equation. We also demonstrated, via a comprehensive search of the entire Bo-kh parameter space, that these structures exist over a large subspace of the focusing elliptic-hyperbolic Davey-Stewartson equation.
From practical point of view how dromions are generated and where we should expect to see them are important questions and subjects of ongoing research (cf. Ref. [8] ). The effect of viscosity is expected to be higher for smaller dromions and results in the attenuation of these structures along the propagation path, details of which require direct numerical simulation and are beyond the scope of this paper.
The Davey-Stewartson equation describes physical phenomena in several other areas of science, such as quantum field theory [21] , ferromagnetism [22] , plasma physics [23, 24] , and nonlinear optics [25] . Results and techniques developed here for finding new solutions to the Davey-Stewartson equation may be of interest to the researchers in these fields.
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